The impact of the time horizon upon the risk of equity investments is still a controversial issue. In this paper, we analyse long-term risk in a portfolio insurance framework based on option pricing theory. The insurance strategies are implemented alternatively with a portfolio of stocks and put options or bonds and call options. The risk of stock holdings is measured by the permissible relative stock position in the replicating portfolio for an exogenous¯oor function. Our ®ndings indicate that there is no general conclusion as to the long-term risk of stocks; the risk can only be determined for speci®c¯oor functions. Because the utility function is implicit in any¯oor speci®cation, we argue that the assumption of preference-free determination of risk with the help of option-pricing theory, as recently suggested in the literature, is a fallacy. Moreover, the popular belief that a longer time horizon reduces the risk of equity investments and therefore makes it optimal to invest a greater fraction of one's wealth in stocks may not be justi®ed.
Time diversi®cation controversy
Whether the risk of equity investments decreases if the holding period is increased has been the subject of a long-standing discussion. Samuelson (1969) and Merton and Samuelson (1974) made early contributions to this time diversi®cation question. The issue is far from resolved, however, as the number of contradictory recent articles indicates.
Recently, time diversi®cation has been analysed in portfolio insurance contexts. Examples are Bodie (1995) , Merrill and Thorley (1996) , Zou (1997) and Oldenkamp and Vorst (1997) . Analysing time diversi®cation in a portfolio insurance framework (usually a protective put strategy is analysed) is appealing because it captures the notion of downside risk, which is often considered to be a more realistic measure of risk than variance. 4 Bodie (1995) 5 ®rst uses option-pricing theory to investigate the time diversi®cation issue. He shows that the cost of insuring the riskless return with a put option while keeping the upside potential is an increasing function of time, and thus argues that the risk of stocks increases with longer investment horizons. Bodie (1995) also claims that option-pricing theory obviates the need for assumptions regarding investors' individual risk preferences to determine the existence of a time diversi®cation effect. Dempsey, Hudson, Littler, and Keasey (1996) argue that the Black-Scholes framework does not correctly measure risk since put prices are determined not only by the downside risk of the underlying but also by the forgone upside potential. They do, however, agree that the Black-Scholes put price is the price an insurer would charge for downside insurance.
Similar to Bodie (1995) , Merrill and Thorley (1996) base their arguments on optionpricing theory, but argue that the cost of insuring a minimum return that is strictly smaller than the riskless rate decreases with time. Their argument is based on ®nancial products that guarantee a minimum return while offering a proportional upside return participation. They show that the participation rate increases with time for a given guaranteed minimum return. Thus, they argue that there is a time diversi®cation effect. Interestingly, while reaching a conclusion contradictory to Bodie's, they also claim that, by using option-pricing theory, equity risk can be measured in a utility-independent fashion. Zou (1997) questions time diversi®cation claims by showing that the insurance cost of a protective put strategy peaks at a ®nite time and then decreases for any minimum return smaller than the risk-free rate. He argues that since insurance costs do not decrease monotonically with time, the time diversi®cation effect may not be clear. Oldenkamp and Vorst (1997) show that participation rate comparisons between different time horizon strategies may be misleading when analysing the time horizon effect. They show that a rolled-over short-term insured position is not dominated by a longer-term insured position. Moreover, they reject the claim that option pricing provides a tool to determine time horizon effects in a preference-free fashion by the following argument: since option-pricing theory is independent of individual risk preferences, it is also valid in a risk-neutral world. However, in a risk-neutral world, there are no risk premia and therefore all strategies have the same expected return and are equally attractive to investors, making it impossible to draw any conclusions regarding time horizon effects. Therefore, they conclude that option-pricing theory cannot contribute to the time diversi®cation debate. This paper takes yet another approach. Similar to Merrill and Thorley (1996) , it is also based on a portfolio insurance framework. However, because of the inherent problems of participation rates, 6 this analysis does not use participation rates as the relevant risk measure. 4 See, for example, Bawa and Lindenberg (1977) , Kraus and Litzenberger (1976) , or Harlow and Rao (1989) . 5 Taylor and Brown (1996) and Ferguson and Leistikow (1996) challenge Bodie's conclusions in replies. Their arguments are based on violations of the basic Black/Scholes assumptions of constant interest rates and volatility.
6 Participation rates are usually not constant with respect to the returns of the underlying asset. In fact, partcipation rates can increase or decrease with a higher return on the underlying. The participation pattern depends on the the strike price of the option used to implement the insurance strategy. See Zimmermann (1996) for necessary and suf®cient conditions on the strike price for constant participation rates. 
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Instead, it proposes the replicating stock position implied by the insurance strategy as a risk measure.
The idea of the replicating stock position as a relevant risk measure can be outlined as follows. We assume that there is a portfolio A with a short investment horizon and a portfolio B with a long investment horizon. We further assume that portfolios A and B exhibit the same amount of risk (at this point, we do not concern ourselves with the problem of how to de®ne and measure this risk) and that the only investments available are stocks in the form of an index portfolio and term investments earning the riskless rate. The term investment is considered riskless because its return is independent of the return on the equity investment. Thus, if the fraction of the portfolio invested in stocks is higher for portfolio B than for portfolio A, then it can be argued that the stocks in portfolio B are less risky than those in portfolio A because, by assumption, portfolios A and B are equally risky. In this example, the longer investment horizon implies lower equity risk and therefore more equity can be held. In other words, there exists a time horizon or time diversi®cation effect.
Such an approach requires a method of determining the overall risk in a portfolio. We assume that investors abhor their wealth falling below a speci®c level, i.e. we assume that their utility function is discontinuous. In this case, variance does not do justice to investors' perception of risk. A portfolio insurance framework better captures this extended notion of risk as it allows for a minimum attainable level of wealth (¯oor) while keeping some upside potential. In this context, risk as it is perceived by investors can be captured by a¯oor on the ®nal value of a strategy. An alternative view would be provided by lower partial moments as proposed by Bawa and Lindenberg (1977) and Harlow and Rao (1989) .
We assume an exogenously given¯oor function that determines the level of wealth below which total wealth must not fall. We implement this portfolio insurance problem with static strategies based on holdings of stocks and put options or, alternatively, zero-coupon bonds and call options. Options can be replicated dynamically with a portfolio consisting of stocks and riskless bonds (delta-hedge.) As a consequence, there exists a unique replicating stock position for the insured portfolio. This replicating stock position corresponds to the stock position that is required to dynamically replicate the insured position with only stocks and bonds.
Because we implement the portfolio insurance strategy with Black-Scholes options, our analysis implicitly accepts the assumptions of option-pricing theory regarding the process followed by stock returns. In particular, we assume stock returns to be serially uncorrelated and stationary.
In section 2 we present the portfolio insurance framework on which our analysis of the risk of stocks is based. Section 3 introduces the concept of the replicating stock position in our portfolio insurance framework. We present stock positions for a number of different insurance strategies. In section 4 we interpret the results from section 3 and discuss the consequences with respect to the validity of time diversi®cation and preference-free assessment of the longterm risk of stocks. Section 5 gives a brief summary of our ®ndings.
The portfolio insurance framework
The term``portfolio insurance'' has traditionally been used to characterize a hedging strategy that protects a stock portfolio using put options. By the put-call parity, the same effect can be achieved with a portfolio consisting of zero-coupon bonds and call options. The latter allows more¯exibility because the strike price can be chosen arbitrarily without affecting thē oor level.
The¯oor function Ö(t) is the critical component of any insurance strategy. Two common oor functions are subsequently used. The ®rst function is de®ned as a constant fraction of initial wealth, i.e.
The second¯oor function is de®ned as a constant minimum return on the initial capital,
Fixed¯oors are constant over the investment horizon. Minimum return¯oors change at the rate of f , r, where r denotes the riskless rate and t the length of time. The initial wealth is normalized to 1. Fixed and changing¯oors as de®ned in equations (1) and (2), respectively, are both relevant¯oors for practical purposes. Particularly f 1 (nominal capital preservation) is a popular¯oor for portfolio insurance products in practice.
Portfolio insurance with put options
The initial wealth W is invested in shares (S) of equity and put options ( p) W n S X S n P X p(S, X ) 1X (3) n S and n P denote the respective numbers of shares and put options held. If wealth at maturity of the option is constant for all S T , X , where S T is the stock price at expiration and X is the exercise price, this level of wealth is called a¯oor. With the put option strategy, a¯oor is obtained if the number of shares is equal to the number of put options held, i.e. n n s n p .
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Without loss of generality, we assume that S 1. This normalization has the advantage that the values of other variables, such as strike and option prices, can be directly interpreted relative to S.
From (3), the position in stock and options is calculated as
Note that n is smaller than 1 because the price of the put option is greater than zero. The total payoff of the strategy at maturity of the option cannot be less than
where S T is the stock price upon expiration of the option. Therefore, the¯oor obtained by the insurance strategy is given by
7 A¯oor requires for (dW T adS T ) 0 for S T , x. For a combination of shares and put options, terminal wealth is given by W T m s X S m P X (X À S T ) if the option matures in-the-money. Since dW T dS T n s À n P 0 for S T , X X a¯oor exists only if n n S n P . Thus, for a¯oor to exist, the portfolio needs to contain one put option for each share.
Because p . 0, it follows that f , X . Since the number of shares and options held is less than 1, the¯oor of a self-®nancing insurance strategy is below the level of the exercise price. 8 For any given¯oor, there is only one exercise price that provides the desired protection (in the form of a given¯oor level).
Portfolio insurance with call options
By the put-call parity, portfolio insurance strategies can also be implemented with a riskless asset and call options. The advantage of this implementation is that the exercise price can be set arbitrarily without affecting the¯oor because the¯oor is generated by the amount invested in the riskless asset.
We assume continuous compounding at the riskless rate r. To obtain a ®xed¯oor level of f, the investor's riskless investment b is given by
To obtain a minimum return of f, the riskless investment must be
t denotes the time horizon. For a portfolio consisting only of a riskless investment and call options, the number of call options in the portfolio is easily determined from the difference between initial wealth and riskless investment. Since initial wealth was normalized to 1, the number of call options is
where c(X ) is the price of a call option with strike X. The number of call options bought therefore depends on the strike price of the calls. Unlike the insurance strategy with put options, the call strategy has no unique strike price that ensures the desired protection. Because the¯oor is achieved by the riskless investment, any strike price can be chosen for the options to be bought with the remaining capital. The strike price affects only the upside participation structure, not the downside protection.
Analysis of the replicating stock position
Traditional research relating to the risk of stocks starts from a given stock position and quanti®es the risk of this position by various risk measures, such as variance, semi-variance, lower partial moments, etc. We take the opposite approach. We ®rst de®ne an acceptable quantity of risk and then ®nd the maximum stock position that implies a wealth distribution the risk of which does not exceed a pre-speci®ed level. In this paper, we de®ne the acceptable amount of risk as an exogenously given¯oor function below which total wealth is not allowed to fall.
The¯oor is implemented by a portfolio insurance strategy. For any given¯oor, we determine the stock position of the portfolio that dynamically replicates the insured portfolio. Thus, if the stock position increases with the investment time horizon for a given¯oor function, we interpret this that``stocks are less risky in the long run'' according to our de®nition of risk.
Portfolio insurance with put options
The number of options in the insured portfolio is
and equals the number of shares held, as derived in equation (4). A put option can be dynamically replicated by purchasing
stocks, where Ä is the option delta in the Black-Scholes model of option pricing. Therefore, the replicating stock position for the insured portfolio is
For in®nite holding periods, the replicating stock position becomes 1 because both the put option price and the delta converge to zero. Consider the case of a ®xed¯oor ®rst. Figure 1a illustrates the stock portion of the replicating portfolio over different time horizons. If the¯oor is below 100 per cent of the initial wealth, the stock position ®rst decreases before converging to 1. The reason for the replicating stock position to start off at 1 is the fact that the put options needed for the insurance strategy are out-of-the-money. The price of out-of-the-money options is almost zero immediately before expiration. Therefore, the entire initial wealth can be invested in stocks.
The picture is different for minimum return¯oors, as can be seen in Figure 1b . Here, for any minimum return level, the stock position is a monotonically increasing function converging to 1 as the time horizon approaches in®nity. The ®gure shows that the higher the¯oor return, the slower is the convergence towards 1.
Portfolio insurance with call options
In this strategy, the replicating stock position corresponds to the number of call options multiplied by their delta:
c(X ) is the value of the call option for a strike price of X. For the ®xed¯oor (in terms of initial wealth) b is de®ned in equation (7). For the minimum return¯oor, b is de®ned in equation (8).
For both ®xed and minimum return¯oors the replicating stock position for in®nite time horizons converges to 1 for an arbitrary, ®nite f. The reason is that the call option price and the call delta converge to 1 as t approaches in®nity while b converges to zero. While both¯oor structures exhibit the same limiting behaviour, their behaviour is different for ®nite time horizons.
Consider the case of a ®xed¯oor ®rst. Figure 2a shows the replicating stock position for 
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different¯oors (from 90 to 110 per cent); a constant striking price of 100 per cent is assumed. The picture shows a sharp decrease of the stock position for¯oor levels below 100 per cent. If the¯oor is less than 100 per cent and the time horizon is very short, the wealth available for investing in stocks is 1 À f . 0, where f denotes the¯oor. If the options are at-the-money immediately before expiration, their price is almost zero. Therefore, a large number of options can be bought, which explains the large stock exposure. Figure 2b shows the impact of the exercise price on the stock position for a given¯oor (100 per cent). It is apparent that the choice of the exercise price does not fundamentally change the shape of the curve. The purchase of out-of-the money options obviously increases the stock fraction.
The case of minimum return¯oors is considered next. Figure 3a shows the replicating stock position for various¯oors À10 per cent and 3 per cent and a given strike price (100 per cent). As is apparent from the ®gure, for minimum returns close to the risk-free rate, the timehorizon effect is rather uniform: the fraction allocated to stocks increases almost linearly from 10 per cent (one year) to 40 per cent (20 years). Lowering the minimum return (e.g. to À10 per cent), however, changes this pattern substantially. For suf®ciently small¯oors, there is a large amount of money left to buy at-the-money calls, the stock portion sharply rises above 100 per cent and decreases for longer time-horizons. Again, as shown in Figure 3b , the time-horizon pattern does not change fundamentally for different exercise prices of the call option. Here, a minimum return of À10 per cent is assumed and different strike prices are selected. The basic time-horizon-pattern emerging from the previous graph is still apparent; the strike price only affects the curvature of the relationship. 
Alternative¯oor functions
In the previous sections we have always assumed that the investor de®nes risk as the possibility that her wealth at the end of her individual time horizon is less then an exogenously speci®ed ®xed¯oor or minimum return (smaller than the risk-free rate.) Although this is a reasonable assumption for many practical purposes, it neglects the growth of the investor's opportunity cost. Consider the ratio between the guaranteed¯oor and the wealth obtained by the riskless investment. It is given by ö Ö(t) e r X t X
As can be easily seen, for ®xed¯oors in terms of initial wealth, i.e., Ö(t) f , this ratio converges to zero as the time horizon increases. It is no different for¯oor functions de®ned as a minimum return on the invested capital.
9
This calculation demonstrates that, for¯oors de®ned as a fraction of initial wealth or as a minimum return smaller than the riskless rate, the insurance effect decreases over time. The reason for this economic deterioration of insurance coverage is the rise of the investor's 9 In that case, Ö(t) e ft and therefore ö e ( f À r) t . For f , r, ö clearly converges to zero with increasing t. opportunity cost, i.e. the insured amount is a decreasing fraction of the amount attainable by investing only in the riskless asset. In fact, the potential opportunity loss of the investor rises to in®nity for long periods of time.
Because the economic insurance effect decreases over time, as explained in the previous paragraph, it may be reasonable for an investor to require the¯oor level to be a constant fraction of the wealth attainable by investing risklessly. This requirement is met using a¯oor that increases at the riskless rate over time. Such a¯oor function is given by
In this case, the ratio ö is equal to f, implying that the insurance effect relative to a riskless security is constant over time. Consequently, the amount invested in the riskless security (b) is equal to the¯oor level f. This¯oor can be implemented with a standard portfolio insurance strategy using call options, for which the portion of the replicating portfolio invested in stocks is again given by equation (13). For very long time horizons, this portion converges to 1 À f.
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Figure 4: Replicating stock position for¯oors which increase at the riskless rate 10 Since the call option price and the delta converge to 1, we have
For¯oor levels close to 1, a rising¯oor means that the replicating stock position is almost zero in the long run. Figure 4 illustrates this effect. For any¯oor level smaller or equal to 1, the replicating stock position is a monotonically decreasing function of time. In the extreme case where the¯oor is exactly equal to 1, the stock position is always zero. This is obvious because investments earning the riskless return cannot have any upside participation.
The ®ndings of this section show that insuring a¯oor that increases at the riskless rate over time results in a decreasing replicating stock position. This is consistent with results by Bodie (1995) . He ®nds that the cost of insuring a portfolio against a shortfall below the riskless rate is monotonically increasing and unbounded. However, Bodie's insurance strategy is not self-®nancing, i.e. the insurance costs (option price) is not covered by the initial wealth. Also, he only considers the special case where f 1. Our analysis is more general.
Discussion
The reasoning behind our analysis is the following. If, for a given¯oor function, which is assumed to capture the investor's perception of risk, the stock position rises for increased time horizons, the risk involved in holding stocks can be interpreted to diminish over time. It is therefore optimal for the investor to hold a larger proportion of wealth in stocks. In other words, if stocks are less risky when held for a long time, the investor can put more of them in her portfolio without violating her risk constraints expressed by the¯oor of the strategy.
The analysis in section 3 provides several important insights. For given¯oors expressed as fractions of initial wealth (®xed¯oor) or as minimum returns, the replicating stock position always converges to 1. This means that investors with in®nite time horizons will always hold 100 per cent of their wealth in stocks. Therefore, if investors perceive risk as the possibility that their wealth falls below a given threshold (¯oor), stocks are riskless for any investor with an in®nite time horizon.
Our results show, however, that the replicating stock position does not always decrease monotonically with time. Although it is possible to obtain monotonically increasing functions for the replicating stock position by an appropriate choice of the¯oor and/or the strike price, this is not a general result. For ®xed¯oors, it may be possible for the replicating stock position to start at a level above 1 and to decrease ®rst before converging to 1 (see Figures 1a and 2a) . In the case of minimum return¯oors, it is possible for the replicating stock position to ®rst increase to a level above 1 before converging to 1 (see Figures 3a and 3b) . Although not directly comparable to the results by Zou (1997) , these ®ndings give rise to similar conclusions.
Moreover, the increasing replicating stock positions arise from the present value effect. For longer investment horizons, the amount available for option purchases is greater since the present value of the¯oor is smaller. If the present value effect is adjusted for by requiring thē oor to be a constant fraction of the amount that would accrue by investing in the riskless asset, the replicating stock position turns out to be a monotonically decreasing function of time (Figure 4) . For an investor with such a¯oor function, stocks represent riskier investments the longer the investment time horizon. Thus, various risk patterns are possible, depending on the de®nition of the¯oor and the choice of exercise prices.
Consequently, the statement that rational investors can invest a higher fraction of their portfolio in stocks without increasing their portfolio risk if they have a long time horizon is not generally true. Moreover, the popular belief that longer holding periods reduce the risk of stock positions cannot be con®rmed in general.
It is apparent that the stock position depends on the speci®c¯oor function. Throughout our line of argument we have assumed that the¯oor function is exogenously given. Even though our analysis covers only the most common¯oor functions, the results fundamentally differ across the strategies. Other¯oor functions are theoretically possible and even different results can be expected. Economically, the¯oor function depends on the utility function U (W ) of the investor. For example, consider a utility function discontinuous at W f such that
where V (W ) denotes some function of W and c is a minimum level of wealth (subsistence level). W and f denote wealth and¯oor, respectively. c can be a function of time, such as
where W 0 indicates initial wealth. For example, with f 0, the¯oor function would be constant over time (®xed¯oor), namely
Alternatively, if c 0, the¯oor function speci®es a minimum return
This simplistic example illustrates that the appropriate¯oor function directly emerges from the utility function of the investor. None of the various¯oor functions is correct or incorrect although some may be more realistic than others. The fact that conclusions with respect to the risk of stocks in the long run follow directly from the selection of the¯oor function explains much of the controversy on time diversi®cation in recent work. Most conclusions in the time diversi®cation debate implicitly assume a particular de®nition of risk. In the option or portfolio insurance framework, the risk de®nition is expressed in terms of the¯oor function and possibly the speci®cation of exercise prices (because exercise prices determine the structure of the upside potential). Different risk de®nitions can result in contradictory conclusions. For example, Bodie (1995) assumes a¯oor that increases at the riskless rate while Merrill and Thorley (1996) assume a¯oor that guarantees nominal capital preservation. As we have shown in the preceding section, the time-horizon patterns of these strategies differ substantially.
Although option-pricing theory provides a tool for the preference-free determination of insurance costs, it does not give us any guidance to determine the level and extent of optimal insurance or coverage. The optimal strategy is determined by the investor's utility function, as shown by Leland (1980) and others.
Unfortunately, the stock position crucially depends on the speci®ed¯oor function and, to a lesser degree, on the exercise prices of the options. If it is known what level of wealth to insure, it is possible to calculate the replicating stock position. Because the¯oor function directly arises from the investor's utility function, the stock position is based on the utility function and cannot be determined in a preference-free manner. We can conclude that, because the risk of stocks is determined by the size of the stock position, which in turn depends on the investor's utility function, it cannot be measured in a preference-free manner in a portfolio insurance framework based on option pricing theory.
Conclusion
We have analysed the effect of the investment horizon on equity risk in the long run using a portfolio insurance framework. We have considered insurance strategies implemented with put and call options to guarantee a¯oor (minimum return or ®xed amount of wealth). We assumed that the risk perception of investors can be described by a¯oor function and argued that if, by increasing the investment time horizon, a larger fraction of wealth can be invested in stocks without increasing the inherent total portfolio risk as it is perceived by the investor, this effect would be an indication of time diversi®cation. The fraction of wealth invested in stocks was computed by the stock position required to dynamically replicate the option in the insurance strategy.
We ®nd a broad range of time-horizon patterns of the relative size of the stock position, even with very simple speci®cations of the¯oor function. The replicating stock position is not always a monotonically increasing function of time. For quite realistic¯oor structures the function is decreasing. It is therefore incorrect to claim that time diversi®cation generally reduces equity risk when measured in an option or portfolio insurance framework, as claimed by Merrill and Thorley (1996) and others. Moreover, given that the¯oor function and the speci®cation of the appropriate exercise price directly emerges from the utility of the investor, it is a fallacy to believe that option pricing theory allows for a preference-free analysis of the risk of stocks over various time horizons in a portfolio insurance framework, as suggested by Bodie (1995) . In our framework of analysis, which is based on portfolio insurance strategies and the standard assumptions of Black-Scholes option pricing, we show that · An increased holding time horizon does not necessarily reduce the risk of an equity investment. · The optimal size of equity holdings for an investor may rise or fall if the holding time horizon is increased. · Whether the optimal equity investment of an investor rises or falls with increased investment time horizon cannot be determined independent of the investor's individual risk preferences.
